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YIELD CRITERION FOR AN ORTHOTROPICALLY
REINFORCED SLAB

M. W. KWIECINSKI*

Technical University of Warsaw

Abstract—This paper deals with the problem of formulating a yield criterion for an orthotropically reinforced
slab. The case of an initially orthotropic slab subject to bending is taken into account and any cross-section of
it is assumed to have rigid-plastic properties. The possibility of the kinking of reinforcement bars on the yield
hinge is considered and the so-called partial kinking yield criterion is formulated in such a way that the vanishing
value of the twisting moment on the fracture line can be observed for any inclination of it with respect to the
directions of reinforcement. .

The proposed criterion is dependent upon a single experimental coefficient which is comparatively easy to
determine and the limiting values of it are theoretically assessed. The upper limiting case is called the complete
kinking theory, the lower one yields the minimum kinking theory. The commonly used ‘rectangular’ yield
criterion which proves kinematically impermissible and which cannot prevent the plastic hinge from having
non-zero value of torsion gives even lower values of yield moment than minimum kinking theory and thus
appears far too pessimistic.

THE DETERMINATION OF ULTIMATE BENDING MOMENT ON THE
FRACTURE LINE

IN THE limit analysis of the bending of an orthotropically reinforced rigid-plastic slab
the ‘rectangular’ yield criterion is at the time being in common use. There are two main
reasons why this criterion is so often applied : relative simplicity of its analytical formula-
tion and its conservativeness in determination of the ultimate moment values. However,
this criterion is not free from criticism [1] and one of the fundamental defects of it is that
the implicit assumption of a ‘stepped’ fracture line leads to kinematically impermissible
mechanism of rotation of the adjacent rigid parts of a slab. As a consequence of this,
the twist cannot vanish on the yield hinge except in a trivial case when the fracture line
is perpendicular to the initial direction of the reinforcement. Thus the ultimate moment
on the plastic hinge is not a principal moment and therefore leads to an ambiguous
situation which contradicts the construction of yield condition (yield surface) taking
into account the statically admissible field of moments m,, m,, m,, acting on a slab.

The need of a yield criterion for an orthotropic slab which disposes of this discrepancy
and renders the problem of formulating of the yield condition more consistent seems to
be very urgent.

Let us consider the result of an introductory analysis worked out in paper [2] and
suitable for the case of initial orthotropy. Taking into account a kinematically permissible
mechanism of the fracture line generation (shown in Fig. 1) in which the kinking of
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FiG. 1. Location of bars and yield-moment vectors for the partial kinking theory for orthotropically
reinforced slab, xk < 1.

reinforcement bars due to crushing of concrete in the neighbourhood of the kinks is
allowed we have obtained

m .
— = €OS & COS ¥+ K sin & COs & 1
m
My . . .
—= = cos a sin y—K sin o sin § 2
m

where

m, — ultimate (plastic or yield) bending moment on the fracture line, normal n of
which is inclined at the angle «, (0 < a < 90°), to the direction of ‘stronger’
reinforcement (x-axis),

m,, — twisting moment on the fracture line,

m = m,(x = 0°,
m, (a = 900)

K = ——————
m
y, 6 — kinking angles of reinforcement bars measured with respect to the normal n.

< l—coefficient of initial orthotropy,

THE INTERDEPENDENCE OF THE KINKING ANGLES y AND §

Requiring to have a physically well justified condition m,, = 0 always (i.e. for any «)
fulfilled we find immediately from (2) that the equation

— =Ktga 3)
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must hold. The expression (3) means that the directions of bars across the open fracture
line adjust themselves in a specific way according to prescribed orthotropy and a current
value of inclination o.

Next, a further relation

y = g(@) 4

has to be assumed. It is required that the function (4) should be smooth, ascending, and
satisfying the condition y = 0, at o = 0. Two additional requirements, viz. y = J, at
K=1, a=45 and § = 0, at « = 90° are thanks to relation (3) automatically fulfilled.
The function (4) in the form

siny = Asina (5)
where
A = Ak, p) (6)

appears, for instance, promising.
The parameter y which governs in fact the relation (4) is defined by

m

where & stand for some specific but virtually arbitrary value of 0° < a < 90°. The para-
meter p has to be investigated by means of an experiment which is clearly described by (7)
and is fully responsible for the now ‘unrectangularness’ of the known conservative yield
condition that is usually expressed as

m .
— = cos?o+ k sin’a. (8)
m

THE FINAL FORMULATION OF THE PARTIAL KINKING
YIELD CRITERION

Remembering (3) and (5) it is readily obtained that
A
sind = - cosa 9)

hence

cos y = /(1 — A% sin’«) (10)

2
cosd = \/(1—1:—2 cos2a>. (11)

Eventually the partial kinking yield criterion (1) takes the form

m, 2 02 ; A,
Pl cosa\/(l—A sin“o) + K sin o 1——K—zcos o (12)
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mo, 4 upper limiting curve, (A=0)
proposed yield-criterion, (Q<A<#)_
lower limiting curve, (A=2)

a<|

I (2|

e

O
%:s
O] -

]
arc tgz

FIG. 2. Proposed yield-criterion and a governing coefficient p; (or p,) for orthotropically reinforced
slab.

Now, the two convenient ways of fixing the parameter u appear:

Case 1. & = 45° (see Fig. 2) irrespective of the value of k, hence

_m, (@ =459
D —

(13)

Hy

Having (10) and (11) we easily find

) At A}
cosy~\/<1——2—), cosé-—\/(l—iﬁ),

and remembering (1) and (13) get A, introduced in (5) and defined by (6)

1
A, =\/[2——m(2/4f—x2+1)2]. (14)

From the condition A, > 0 the following inequalities are obtained :
1—x 14k
— < < —.
NEERSNG

Another necessary condition which binds the value of u, is A, < k, otherwise the
relation (9) could not hold. Solution of this inequality yields

i < 3VC-xY)—x],  HJQ—K)+K] < py
The joint condition
k> A; 20 (15)
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is fulfilled when

HY@—KY)+x] <y < ljz". (16)

This prescribes the interval of values u, which are expected to be obtained from the
experiment.

It is easy to observe that the right-hand side equality of (15) and (16) is appropriate
for the complete kinking theory (y = é = 0) whereas the left-hand side equality of (15)
and (16) fits to the case which can be called the minimum kinking theory and will be
discussed in detail later on.

Case 2. We fix such an angle & that results in the equality of both kinking angles, § = 4.
Having in mind expression (3) it is readily found that

1
§ = 1
tga =~ 7
hence in this case we define y as
m,|o = arctg(l/k
i g(1/) 8

m

A3
cos§ = cosd = \/(1 ——1—_—*_?)

and bearing in mind (1) we get from (18) that

1 2\ 2
A, = \/[1+x2—u§<—;f~> ] (19)

Again the simultaneous condition

From (10) and (11) we find

K> A, 20 (20)

results in

2K 2K
— . < < — 7. 21
1+ =2 = Ji+) @)

Any experimentally obtained coefficient g, ought to lie within these two limiting values.
It is again easy to show that when the right-hand side equalities of (20) and (21) hold
we have complete kinking and when the left-hand side equalities are satisfied then
minimum kinking occurs.
Since the problem of determining of the yield criterion within all the assumptions
rendered is unique, A; = A, = A, hence there must exist a relation between coefficients
i, and p, which appears from (14) and (19) to be

2K 2u§—x2+1>2 X ]
M=o \/[( ™ +x2-1[. 22)
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At this stage neither of those two ways of defining u appears preferential and both
of them serve the same purpose, i.e. to assess the degree of ‘unrectangularness’ of the
yield criterion on the basis of tests. Both of these seem fairly convenient and it is worth
noticing that in the case of isotropy, k = 1, both yield the same definition.

UPPER LIMITING CASE—THE COMPLETE KINKING YIELD CRITERION

The case A = 0 (y = & = 0) results, as has been pointed out previously, in the com-
plete kinking yield criterion

m, .

—_— = n

m COS a+K Sin o ‘ (23)
m,, =0

The values of ultimate moment derived from this criterion are the most optimistic
ones. From the kinematical point of view it means that all the bars across the fracture
line remain parallel to the normal n (i.e. perpendicular to the fracture line itself).

The criterion (23) does not depend upon any experimental coefficient u but if the
complete kinking theory were true the coefficient u taken from the test should yield the
values

_I+x or 2
M= H2 = ey

LOWER LIMITING CASE—THE MINIMUM KINKING YIELD CRITERION

The case A =k, (siny = ksina, sind = cosa) results in the minimum kinking
criterion
n

% = cos a /(1 —x?* sin’a) + k sin®a (24)

my, =0

The values of plastic moment calculated from this criterion are the most pessimistic
ones (provided m,, = 0 holds) and the reinforcement bars adjust themselves in such a
way that

v = arc sin(x sin o) } ‘ (25)

8 =90°—«

It means (see Fig. 3) that kinking exists only in the ‘stronger’ reinforcement bars,
whereas the bars in perpendicular direction remain straight (strictly speaking their pro-
jections on the x, y-plane generate straight lines). Hence the lower limiting case of the
partial kinking theory, viz. the minimum kinking theory is in fact already kinematically
impermissible.

The criterion (24) does not depend on any coefficient y either but we can similarly
conclude that if the minimum kinking theory had been applicable then u taken by means
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F1G. 3. Location of bars in the case of minimum kinking theory, 4 = x.

of tests should have given the values

2K

mo=4{J2-xD+x]  or  p, = Tor?

The author believes that in reality coefficient A lies somewhere between 4 = 0 and
A = k. In other words the kinking of bars appears to be ‘partial’. Adequate experiments
should be performed and coefficient u (thereby A) should be found.

THE ‘NO KINKING’ YIELD CRITERION

The ‘stepped line’ yield criterion which does not permit any reinforcement bar to be
kinked in the x, y-plane of a slab, (y = o, 6 = 90° —) is usually written down as follows

m .
— = cos’a+«k sin’a
m

(26)
Pt _ (1—x)sinaxcosa
m

It is, however, strongly stressed that this criterion cannot be derived as a special
case from the partial kinking theory for any value of A4, (0 < A < k, k < 1) because it
cannot in fact exist for the orthotropically reinforced slab if we wish to preserve the
no-twist {m,, = 0) requirement.

Only in the case of an isotropic slab, k = 1, which entails immediately A =1 if no
kinking is permitted, the condition m,, = 0 is identically fulfilled and the stepped line
yield criterion is qualitatively comparable with the more general partial kinking criterion.

In other words the minimum kinking theory plays the same role for an orthotropically
reinforced slab as the stepped line (no kinking) theory does for an isotropically reinforced
slab. Both of them are lower limiting cases (already kinematically impermissible) of a
more realistic partial kinking theory for an orthotropic and an isotropic slab, respectively.
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If the stepped line theory for an orthotropic slab had existed then the coefficient u
should have been

_1+x k(1 +x)

= or = —
Hi1 2 Ha 1+K2

which does not, however, seem in the light of previous discussion to be possible.

NUMERICAL EXAMPLE AND GRAPHICAL REPRESENTATION

In order to illustrate the partial kinking yield criterion obtained and visualize its
limiting cases let us assume, for example,

k=07 0965< pu, =112 < 1-202
(0940 < y, = 107 < 11147, 0 < A = 0429 < 0-7).

The results of numerical calculations and their graphical representation are shown in
Figs. 4, 5 and 6. Looking at Fig. 5 a rather striking property of functions y(e) and &(«)
can be seen.

When o = 0°, then y = 0° (see expression (5)), but é + 90° (see expression (9)) and
when « = 90°, then § = 0° but y + 90°.

- — —~ complete kinking theory, A=O.

—— partial kinking theory, O<A< 2, (A=0-429, for example)
—-—. minimum kinking theory, A=2.

------ stepped line theory, m #O.

|+ a3
f i Et 2
rom experimen 2%
(2, for example) [i + 22
_"_‘.ﬂ‘ from experiment (I-O73,for example).
m 2%
-2
ofe ‘
l e N |
084 I | " \
| | ~ . e 1
[o} ~ v @
. | ~ *| ol ol
061 g Y I gl l
2 B gl gl s 2 )
3 Y =z el 2 °
O 4 2 =l R =17 n-l !
R g gogd 3! ! x
o-24 él 3! ° sl o ol !
9 ] ol gl gl g gl 8!
I3 N 2l ® &l o ~ gl
O 1= ol (o]} (2] oy © 9 (o] -
[e) 15% 30° 45° 60° 75% 90°
arc tgi, = 55°

F1G. 4. Relations between m,/m and «, (x = 0-7, for example).
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F1G. 5. Relations between y, § and «, (x = 0-7, for example).
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The values of those non-right angles 6 and y are as follows

A
oo = 0°) = arc sin;

Mo = 90°) = arc sin A.

This geometrical singularity vanishes only in the trivial case of the stepped line criterion
for an isotropically reinforced slab, 4 = x = 1.

However, it does not affect the distribution of a function m,(x) (Figs. 2 and 4) in any
disturbing way, neither does it violate the condition m,, = 0 for « = 0° and « = 90°.
There is only one skew bar across the open fracture line @ = 0° or o = 90° and it does
not produce any twist because its spacing tends to infinity.

CONCLUSIONS

The partial kinking yield criterion formulated above enables one to assess the values
of ultimate plastic moments on the fracture line more realistically, thus rendering the
upper bound solutions of slabs (according to the kinematic approach—yield line theory)
closer to the results expected in the nature.

Assuming a concept of kinking of reinforcement bars and making the function m,(x)
dependent upon an experimental coefficient u4 which is fairly easy to fix by means of
relatively simple tests permits an assessment of yield moments less conservatively.

In order to make the lower bound solutions (according to the statical approach)
possible the appropriate yield condition (yield surface) has to be constructed. The author
proposes to formulate such a yield condition based on the concept of kinking thus making
both approaches more consistent and comparable. However, it is supposed that the
analytical form of such yield condition might be significantly more complicated than
that which can be worked out on the basis of Johansen’s concept of yield line (cf [3]
and [4}).
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Résumé—Le probléme étudié par 'auteur est d’établir un critére d’écoulement pour une poutre portant un
renfort orthotropique. Il prend le cas d’une poutre, avec renforcement orthotropique, soumise 3 un effort de
flexion et il admet que toute ses sections transversales possédent des propriétés plastico-rigides. L'auteur
étudie la possibilité de flambage des renforts 4 la charniére d’écoulement et il exprime ce qu’il appelle le critére
d’écoulement de flambage partiel, de telle maniére, que la disparition du moment de torsion a la ligne de rupture
puisse étre observée pour toutes ses inclinaisons par rapport a la direction du renfort. Le critére proposé par
l'auteur ne dépend que d’un seul coefficient expérimental qui est relativement facile & déterminer et ses valeurs
limites sont établies théoriquement. La valeur limite supérieure correspond au cas, appelé par ’auteur, théorie
compléte du flambage et la valeur inférieure correspond a la théorie du flambage minimum. Le critére de
déformation dite — rectangulaire — , utilisé¢ habituellement, dont la cinématique est inadmissible et qui ne peut
empécher le moment de torsion de s’annuler a la charniere plastique, donne méme des valeurs plus faibles,
pour le moment d’écoulement, que la théorie du flambage minimum. Il est, par conséquent, beaucoup trop
défavorable.

AbGcTpakT—3T1a CTaThs paccMaTpuBaeT npobneMy (QOpPMylIHpPOBaHMS KpUTepHs IOAATIMBOCTH Ans
OpPTOTPONMUYECKH YKPEIUIGHHOH INNTHI. Y4MTHIBAaeTCA Ciy4aill ¢ HAvajJbHO OPTOTPONMYECKOM TUMTOMH,
noanexawiel n3ruby, U nonaraercs, 410 N00OE MOMEPEMHOE CEMEHHE €€ HMEET XECTKO-MJIACTHUHBIE
cBolicTBa. PaccMaTpuBaeTcs BO3MOXHOCTL meperufa crepxHell apMaTypsl Ha MPYXHUHALIEM AapHUDE, a
Tak Ha3bIBAEMbIH KPUTEPHl MOAATAMBOCTH NMPH YacTHYHOM nepernbe popMynupyercs Takum obpasom,
4TO CTPEMSIIIAACA K HYJIIO BEJIHYHHA KPYTALIETO MOMEHTA HA JIMHUHK M3JIOMa MOXET ObITh U3MepeHa TIpH
J000M HaknoHe mnocnenueidt 1Mo OTHOWEHMIO K HAMpaBneHWIO yxpemseHus. [Ipennaraembiit kputepmii
3aBMCUT OT €NHOTO KCTIEPHMEHTANBHOTO KO3hdhHILIMEHTa, KOTOPBIN ONpelNeNseTcs CPABHHTENLHO MPOCTO
W TpeaesibHbie BEIMYHHBI KOTOPOTO OLEHEHbl TeopeTHdeckd. BepxHu# npemensHbift cryvail Ha3siBaeTcst
Teopueit NONHOTO neperu6a, Toraa kak HIKHUA NAaeT TEOPHIO MUHMMAJLHOTO neperufa. Ynorpebnaemniit
OOBIYHO KPUTEpHA ‘‘MPAMOYTOJNIBHOM’® MOJATIMBOCTH, KOTOPBIK OKa3bIBAETCS KHMHEMATHYECKM Hel0-
MYyCTHMBIM ¥ KOTOPBI HE MOXET MPEAOXPAHHTD [LNIACTHYECKHH IUAPHUD OT HEHYJICBOM BeIMYHHBI KPYYEHHSA ,
naeT euie 6onee HM3IKME BETHYWHBI MOMEHTa NMOLATIHBOCTH, YEM TEOPHS MHUHHUMANILHOIO rneperuba, u
IOITOMY SIBJIRETCA CIIMLUIKOM 3aHHXKEHHBIM.



